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Introduction

I N recent years, interacting boundary-layer methods have
been used to obtain good agreement between prediction

and experiment for a variety of flows in which a thin shear
layer interacts with an irrotational freestream. Many of the
significant achievements in this area have been reviewed by
Melnik.1 There are, however, important classes of flows
where the effects of freestream rotationality are significant.
These include flows with shocks strong enough to separate
the boundary layer and flows in turbomachinery where a
nonuniform core is produced as the cumulative result of the
action of upstream blade rows. With the development of
new, more efficient Euler equation solvers, there is now in-
creased interest in extending interacting boundary-layer
techniques to these more general flows.

In a previous Note,2 we suggested a procedure for obtain-
ing coupled boundary-layer and Euler equation solutions.
The procedure utilized transpiration boundary conditions for
the inviscid flow in which surface-normal fluxes of mass,
stream wise momentum, and total enthalpy were specified.
The values of these fluxes were obtained from matching
viscous and inviscid solutions. For a growing displacement
thickness, these three relations provide the correct number of
external conditions at a subsonic inflow boundary. For a de-
creasing displacement thickness, such as occurs downstream
of an airfoil trailing edge, the three relations represent an
overspecification because the Euler equations permit only
one external condition at a subsonic outflow boundary.
Recently, Murman and Bussing3 have examined various
forms for the coupling conditions between the boundary-
layer and Euler equation solutions. Although many of the
issues concerning these different treatments are well discussed,
the question of what to use remains open.

In the present work, we re-examine the matching of a
boundary layer and a rotational inviscid flow. Our earlier
coupling conditions are extended to include the case where
the boundary-layer solution includes the second-order effects
of the freestream vorticity and total temperature gradient. It
is then shown that two of the three conditions are not in-
dependent. If the boundary-layer solution satisfies the ap-
propriate momentum and energy integral relations, then the
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imposition of the normal mass flux condition insures that the
conditions on a normal flux of streamwise momentum and
total enthalpy will also be satisfied. Finally, we describe a
consistent procedure for determining the two remaining ex-
ternal boundary conditions required at a subsonic inflow
surface.

Analysis
We consider the flow in the neighborhood of an im-

permeable wall and write the boundary-layer equations in
locally Cartesian coordinates with x parallel and y normal to
the wall,

( p u } x + ( p v ) y = Q (1)

(2)

(3)

(4)(puH)x + (pvH)y = qy+

where u and v are the x and y velocity components, respec-
tively, the p density, p the pressure, H the total enthalpy, r
the shear stress, and q the heat flux. At the wall, y = Q and

UQ = V0 = 0

H0 or (Hy)0 specified

At the edge of the boundary layer, y = b,

(5a)

(5b)

(6a)

(6b)

where m denotes an outer matching value and co0 and (HyYQ
the wall values of the inviscid vorticity and total enthalpy
gradient, respectively. From Eqs. (6), it follows that, aty = d,

(7a)

(7b)

(8)

In addition, we takep—p™ with

/??= - (pu2)y-

Note the dependence of pm on y implied by Eq. (8) is a
higher-order effect.

The effect of the boundary layer on the inviscid flow is
obtained by examining the requirements for the matching of
the variables in the two regions. From Eq. (1) we obtain

\y[(pu)m-pu]x dy
Jo

Aty = d, pv^(pv)m, pu-+(pu)m, and Eq. (9) gives

- (pu)^dy
with

(9)

(10)

(11)
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Equation (11) is the natural generalization of the standard
transpiration condition for the case where the effects of a
rotational freestream are included in the boundary-layer
solution. A similar treatment applied to the stream wise
momentum and energy equations (2) and (4) gives

—

l>=—— [(puH)m-puH}dy-qQ

(12)

(13)

Equations (11-13) are the coupling conditions on the normal
fluxes of mass, streamwise momentum, and total enthalpy
obtained in Ref. 2 by another approach. Note, however, that
the quantities (pu)m, (pu2)m, and (puH)m are now functions
of y.

Equations (12) and (13) are now examined further. On in-
troducing Eqs. (7) for um and Hm, these equations may be
rewritten as

Jo

-T0 = ui
0-- [ ( p u ) m - p u ] d y
QX J 0

[ ( p u ) m - p u ] d y

d f5 ^— pu(um-u)dy-T0\UJ—dx Jo (14)

and

(pvHY0=——

-qQ=Hi
Q-- [(pu)m-pu]dy

( ^ ) ^ [ ( P u ) m - p u ] y d y

(15)

By introducing the integral forms of the momentum and
energy equations (see Appendix), it may be shown that the
terms in braces in Eqs. (14) and (15) vanish. Hence, if the
viscous solution satisfies the boundary-layer equations and
the inviscid solution satisfies the normal mass flux condition
[Eq. (11)], Eqs. (12) and (13) will also be satisfied indepen-
dent of the values used for MO and //0. Note these same con-
clusions hold for a first-order boundary-layer solution as can
be seen by setting o>0 and (HyYQ equal to zero in Eqs. (14)
and (15).

Finally, since Eqs. (12) and (13) no longer suffice to deter-
mine the inviscid surface values w0 and //0, we propose a
procedure for determining these quantities. First, note that
um and //™, as given by Eqs. (7), represent both the outer
limit of the boundary-layer solution and the inner limit of
the inviscid solution. That this is possible is a result of the

Fig. 1 Matching for thin boundary layer.

Fig. 2 Matching for thick boundary layer.

existence of an overlap region in which both inner and outer
solutions are valid (cf, Ref. 4, Chap. 5). Hence, values of w0
and ffQ consistent with these limiting forms can be obtained
by linear extrapolation from the inviscid solution adjacent to
the wall. When the boundary layer is sufficiently thin so that
there is negligible variation in the inviscid vorticity co' and
total enthalpy gradient tfy across the layer, this leads to a
smooth blending of the two solutions. This is depicted in
Fig. 1. For thick boundary layers, there may be significant
variation in oj' and Hl

y across the layer. In this case, an ap-
proximation to the complete solution is obtained from a
composite expression

(16)

This situation is depicted in Fig. 2. In this latter case, note
that the streamline curvature in the outer portion of the
boundary layer may produce a significant dependence of pm

on y as given by Eq. (8).

Conclusion
The requirements for coupling a boundary layer and rota-

tional inviscid flow have been re-examined and extended to
include the second-order effects of freestream vorticity and
total temperature gradient in the boundary-layer analysis. It
is shown that if the inviscid solution is computed with the
common transpiration condition on the surface normal mass
flux used as a boundary condition, then the additional re-
quirements for matching of the normal flux of streamwise
momentum and total enthalpy will automatically be
satisfied. From the existence of an overlap region of joint
validity of both viscous and inviscid solutions, it is then in-
ferred that surface values of inviscid streamwise velocity and
total isnthalpy can be obtained by linear extrapolation from
the inviscid solution adjacent to the wall.
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Appendix
The integral forms of the momentum and energy solutions

are obtained below for the case where freestream vorticity
and total enthalpy gradients are included in the boundary-
layer solution. From Eqs. (1) and (2), and (8),

f 5

=
J 0

+ u y [ ( p v ) m - p v ] + [ p v ( u m - u ) ] y } d y (Al)

Equation (Al) together with Eqs. (1), (10), and (7a) then
gives

T0=(uxYo{ l(pu)m-pu]dyJo

d . f 6 d f 6

———ojn \ [ (pu)m — pu]ydy-{-— \ pu(um — u)dydx Jo dx Jo

Similarly, from Eqs. (1), (4), (7b), and (10),
(A2)

-- Pu(Hm-H)dy (A3)
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Introduction

VELOCITY and pressure have been measured in the flow
behind a projectile traveling in a tube and propelled by

compressed gas. The arrangement is intended to simulate that
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of interior ballistics, with nonreacting flow and projectile
velocities up to 21 m/s. Although the real processes are much
more complex and involve a continuous interaction of two
phases (solid gas or liquid gas) through a combustion process,
the present simplified experiments serve to provide fundamen-
tal understanding of the flow behind in-bore projectiles and
thereby support the development of phenomenological
models, such as those of Refs. 1 and 2, and multidimensional
solution methods such as that of Ref. 3.

A projectile was secured in position inside a tube pressur-
ized by compressed gas to a required pressure. After the gas had
become quiescent, the projectile was released. The pressure in
the tube and the projectile velocity were measured, together
with the local velocity of the fluid obtained with a laser
velocimeter, as a function of time. The experiment was re-
peated at different locations until a satisfactory picture of the
flow had been assembled. The initial pressure was regarded
as a variable so as to determine the extent to which the flow
properties varied with projectile velocity, and the experiment
was conducted with two initial chambers of different length.

Experimental System
The flow arrangement and related instrumentation are

shown in Fig. 1. The measurements were obtained in the cavity
formed by a 76.7-mm-diam tube, a blanked end, and a
76.4-mm-diam projectile that had a flat end. The effect of ini-
tial chamber length was investigated by using two different
lengths of 177.3 and 311 mm, which were achieved by altering
the projectile overall length. The upper 300 mm of the tube
was made of plexiglass and the remaining part of mild steel
with the gap between the projectile and tube wall sealed by two
silicon-rubber rings. The projectile was allowed to travel for a
distance of approximately 400 mm before being retarded by a
series of compression springs.

The initial gas pressure P, ranged from 2.91 to 9.1 bars and
was achieved with nitrogen taken from a pressurized cylinder.

rotating grating

oscilloscope

filter
amplifier

frequency
counter

+— -*
Vl/lfr

-o

rack

Fig. 1 Schematic diagram of experimental system.


